We propose a twisted plasma accelerator capable of generating relativistic electron vortex beams with helical current profiles. The angular momentum of these vortex bunches is quantized, dominates their transverse motion, and results in spiraling particle trajectories around the twisted wakefield. We focus on a laser wakefield acceleration scenario, driven by a laser beam with a helical spatiotemporal intensity profile, also known as a light spring. We find that these light springs can rotate as they excite the twisted plasma wakefield, providing a new mechanism to control the twisted wakefield phase velocity and enhance energy gain and trapping efficiency beyond planar wakefields.
Using plasmas to accelerate particles to high energies has long been identified as a promising path to obtain compact accelerators [1] [2] [3] . In terms of particle energy, the most advanced scheme to date for electrons consists in using ultraintense femtosecond lasers or electron beam drivers to excite high-amplitude ultra-relativistic waves in low-density plasmas [4] [5] [6] [7] . Electrons trapped into these waves can gain energy and be accelerated to relativistic velocities [8] [9] [10] [11] [12] .
Currently, longitudinal phase-space properties of the accelerated bunches, such as their longitudinal momentum, can be effectively controlled. Despite recent progresses to control the radial dynamics of accelerated beams, using sophisticated temporal wakefield modulations [13] and spatial shapes [14, 15] , it is not yet possible to control the angular momentum degrees of freedom in plasma accelerators. Accessing them is, however, interesting from a fundamental perspective and important for applications, such as radiation generation, which often rely on transverse beam phase space features.
Here, using theory and particle-in-cell (PIC) simulations, we propose to control the angular momentum degrees of freedom of relativistic beams by introducing the concept of helical-beam plasma wakefield accelerators. The helical-beam wakefield accelerator relies on plasma wakefields with Orbital Angular Momentum (OAM). We show that twisted wakefields can generate and accelerate relativistic vortex beams, which, unexpectedly, carry quantized levels of angular momentum. The twisted wakefields could be excited by laser pulses or particle beams with helical profiles. Here, we focus on the laser wakefield accelerator scenario, excited by spatio-temporally shaped femtosecond laser beams called light springs [17] (LS). Light springs have a helical intensity profile, carry OAM and can effectively transfer angular momentum to the plasma wave. We demonstrate that the LS rotates as it propagates through the plasma, providing an all-optical mechanisms to control the wakefield phase velocity, prolong dephasing and enhance the energy gain in comparison to a planar wakefield.
A pure Laguerre-Gaussian (LG) laser beam with OAM [16] cannot transfer its OAM to a plasma wakefield because the mechanism underlying wakefield excitation is stimulated Raman scattering [19] : since the absorbed and emitted photons each carry the same OAM 0 , there is no net transfer of OAM to the excited medium [ Fig.1(a)-(b) ]. Such a transfer becomes possible when the OAM per photon in the laser driver is frequency-dependent
LG mode index LG mode index is associated to a spatial LG mode with a different azimuthal index, = (ω). When (ω)
is linear, such a superposition of modes forms a LS [ Fig.1(d) ] [17] .
Efficient OAM transfer from the driver to the plasma wake requires that the OAM difference (∆ ) between two photons separated by the plasma frequency ω p , given by ∆ = (ω + ω p ) − (ω) = d /dω × ω p , is an integer, which then corresponds to the OAM, p ∈ Z, acquired by the wakefield. This condition fixes the slope = d /dω of (ω) to = p /ω p . In the time domain, the physical meaning of this condition is that the temporal pitch τ h of the LS intensity helix, given by τ h = 2π | | [17] , needs to be an integer multiple of the plasma wave temporal period τ p = 2π/ω p , to ensure that the plasma wave excited by the final edge of the LS is in phase with the one previously excited by its starting edge. Figure 2a shows the results of three-dimensional PIC simulations performed with Osiris [20, 21] , illustrating a twisted plasma wave driven by a LS in these resonant conditions, with simulations show that when is gradually increased, field structures with p helical strands appear in the plasma when the resonance condition = p /ω p is fulfilled.
The field structure of a twisted wakefield, similar to that shown in Fig. 2a , can be captured analytically by a wake potential of the form φ = φ 0 (r) cos(k p ξ + p θ), where φ 0 (r) is the amplitude, r is the distance to the axis, ξ = x − v φ t is the comoving frame variable with v φ c being the wake phase velocity and θ the azimutal angle. The wake longitudinal electric field is then
The OAM of the wake potential and electric fields thus coincide. In contrast with planar wakefields, where the wave-vector is constant and given by k p e x , the twisted plasma wave-vector is angle dependent, and given by k p e x + p /re θ (e x and e θ are the unit vectors along x and θ respectively). This allows exploring new acceleration regimes and generate new types of particle bunches. To investigate the new degrees of freedom that now become available, we consider the Panofsky-Wenzel theorem [22] , ∇ ⊥ E x = ∂W ⊥ /∂ξ, with W ⊥ = E ⊥ +ce x ×B ⊥ , which relates the longitudinal and transverse wakefield components acting on a relativistic particle moving at c. Here, E ⊥ and B ⊥ are the transverse electric and magnetic wakefields, respectively. In addition to the radial focusing force, which appears since E x depends on r ( Fig. 2(b) ), the Panofsky-Wenzel theorem predicts a new azimuthal field component ( Fig. 2(c) ), given by (1/r)∂E x /∂θ = ∂(E θ + B r )/∂ξ, given by
The new azimuthal wakefield component is a remarkable feature of twisted plasma waves, which strongly affects the dynamics of background plasma electrons and the dynamics of relativistic trapped particles.
The existence of a finite azimuthal wakefield, which is a result of the twisted wakefield topology, has far reaching consequences for the plasma dynamics and acceleration. Unlike planar wakefields, the longitudinal and azimuthal trajectories of the bunch particles are no longer independent. Their relation can be determined using Hamilton's equations. In an electrostatic wakefield, the canonical momentum along x (P x ) and θ (P θ ) correspond to the longitudinal (linear) momentum (p x ) and angular momentum (L x ), given by P x = p x = m e cγβ x and P θ = L x = rp θ = m e crγβ θ , respectively. In these expressions, β x and β θ are the longitudinal and azimuthal velocity components normalized to c. Hamilton's equations then , ξ) is the Hamiltonian of a particle with charge e and relativistic factor γ. Supplementing these equations with
Equation (1) According to Eq. (1), for a given ∆p x , the angular momentum ∆L x can only vary in jumps, multiples of p at a fixed plasma density. Fig. 3(a) shows the bunch particle distribution in the p θ − p x phase-space, obtained from numerical simulation performed with different values of ∆ = p . The slope of these particle distribution varies in discrete steps that indeed follow the theoretical prediction, given by p θ /p x = p /(k p r). Here, r r 0 = w 0 | 0 |/2 is the radius where the LS intensity is maximum, with 0 = (ω) the frequency-averaged value of . The azimuthal particle motion then dominates the transverse particle dynamics because p θ p r . Twisted wakefields can also be exploited to generate beams characterized by comparable longitudinal and transverse momenta (p x ∼ p θ ) when p r 0 k p . Figure 3(a) (green region) illustrates this regime when p = 4, for which p θ p x /2.
A remarkable consequence that follows from the quantization of the angular momentum expressed by Eq. (1) is that β θ of trapped particles can only take a discrete set of values. The emergence of this unusual quantization rule can be directly linked to the twisted wakefield topology. In the limit where β x = v x /c 1 and the particle was initially at rest, β θ p θ /p x = p /(k p r 0 ). Thus, β θ is quantized because it can only change by a multiple of 1/(k p r 0 ), as p varies. The well-defined slopes of the phase-space regions in Fig. 3a already reflect this quantization rule. Figure 3b and 3c further confirm that trapped electrons perform helical trajectories with a period that agrees with theory. Figure 3b shows the trajectories of a random sample of trapped Nitrogen electrons in the transverse y − z plane for a twisted wakefield with p = 1. Figure 3( 
The latter expression is analogous to the quantization of the ratio of angular momentum flux to energy flux for a LG beam [16] , given by M z = /ω. It also recovers the OAM quantization of vortex free electron quantum wave packet, given by
where k x is the wavepacket wave-number [23] . These similarities suggest that trapped particles may be seen as a matter analogue of an OAM light beam and a classical matter analogue of a quantum electron wavepacket. Fig. 3(a) ], shows the correspondence between the spatial and velocity distribution of the relativistic bunches: the number of helixes, given by p , is proportional to the angular momentum, given by the quantization rule p θ /p x = p /(k p r), thus demonstrating that these beams constitute a new type of charged particle beams with a vortex spatial structure and with quantised levels of angular momentum.
A general feature of the acceleration in a twisted wake is that particles can also dephase along e θ , thereby potentially lowering the dephasing length and energy gain in comparison to a planar wakefield. Figure 3 some cases, the acceleration can even become stronger than in a planar wakefield.
While signatures for this rotation can be observed in a uniform plasma in the presence of self-guiding induced by the non-linear plasma response, this effect becomes particularly clear, and its derivation simpler, in the presence of a preformed parabolic plasma channel, in the linear propagation regime. Figure 4 (a) illustrates this azimuthal rotation of the LS intensity helix, as it propagates in such a preformed plasma channel (see online supplementary material for the simulation details).
The channel counteracts diffraction by preventing the wavefronts to curve outwards. The angular momentum of a twisted light ray is preserved in the channel, causing the LS intensity profile to spin around its axis, in a direction determined by the helicity of the wavefronts, i.e. by the sign of 0 . Just as in a rotating screw, the laser pulse at a given radial position appears to move either backward or forward in the frame of the laser, depending whether this ray rotation is opposite to, or along the LS intensity helix, which direction is determined by the sign of = d /dω. Thus, when looking at a given longitudinal plane (along x for fixed y or z), the laser pulse envelope will appear to move either slower or faster than the linear group velocity in the plasma, depending on the relative sign of 0 and .
The resulting effective group velocity can be determined analytically (see online supplementary material for an explicit derivation) is:
where v g is the usual group velocity in the plasma.
The plasma responds to this effective local group velocity of the LS. Hence, the correction term resulting from the rotation of the LS can be exploited to increase or decrease the wakefield phase velocity. LG beam of same 0 (black dashed line).
Most physical schemes studied so far to transfer angular momentum from lasers to plasmas have relied on circularly-polarized light, i.e. on the spin angular momentum of light [24] [25] [26] [27] [28] [29] [30] , leading to strong magnetic fields, intense radiation bursts, and helical beam-plasma structures in dense plasmas exposed to superintense laser fields in the context of radiation pressure dominant acceleration [30] . In contrast, our work describes a new configuration where it is now the orbital angular momentum of a laser field that is transferred to an underdense plasma. This enables control of the wakefield topology, which can then be exploited to generate relativistic beams with unprecedented properties, beyond current possibilities, thereby significantly expanding the potential of plasma based acceleration. This configuration can have broad implications in different fields [14, [32] [33] [34] [35] [36] [37] [38] [39] , from the generation of twisted x-rays and intense magnetic field generation in plasmas [40, 41] to novel pathways to control laser-matter interactions, and perhaps manipulate the spin in compact plasma based spin-polarisers (e.g. due to the Sokolov-Ternov effect [42] or spin-precession [43] ).
The required spatio-temporally shaped ultrashort laser beams can in principle already be obtained experimentally with simple helical mirrors such as those presented in Ref. [31] .
Looking further ahead, advances in ultrafast optical metrology [44] and shaping [45] should soon provide access to advanced and programmable spatio-temporal control of ultrashort laser beams, and thus make it possible to tailor the topology of laser-plasma accelerators and hence access new intrinsic degrees of freedom of the resulting high-energy particle beams.
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